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Recursion
• Latin: recurrere

Linguistics/Mathematics:
Relating to or involving
the repeated application
of a rule, definition, or
procedure to successive
results.

Oxford Dictionary

Recursion
The reduction of a problem to a simpler problem

• self-referentiality: recursive problems, algorithms,
definitions, data structures, . . .
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Recursion

• Latin: recurrere

Linguistics/Mathematics:
Relating to or involving
the repeated application
of a rule, definition, or
procedure to successive
results.

Oxford Dictionary

Recursion
The reduction of a problem to a (simpler) version of itself

• self-referentiality: recursive problems, algorithms,
definitions, data structures, . . .
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Recursion
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Multiplication

From elementary school: a× b

“a times b” means: add b onto itself, and do that a-times.

a× b = b + b + . . . + b︸ ︷︷ ︸
a≥0

Example (4× 3)

3
plus 3 gives 6,
plus 3 gives 9,
plus 3 gives 12, and done.
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Multiplication

From elementary school: a× b

“a times b” means: add b onto itself, and do that a-times.

a× b = 0 + b + b + . . . + b︸ ︷︷ ︸
a≥0

=
a∑

i=1
b

Example (4× 3)

3
plus 3 gives 6,
plus 3 gives 9,
plus 3 gives 12, and done.



As static method

pub l i c c l a s s T ime s i t e r {
pub l i c s t a t i c long t imes_i te r ( i n t a , i n t b ) {

i n t r = 0 ;
f o r ( i n t i = 1 ; i<= a ; i++) {

r = r + b ;
} ;
re tu rn r ;

}

pub l i c s t a t i c vo id main ( S t r i n g a r g s [ ] ) {
System . out . p r i n t l n ( t imes_ i te r (4 , 3 ) ) ;

}
}
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f o r ( i n t i = 1 ; i<= a ; i++) {

r = r + b ;
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pub l i c s t a t i c vo id main ( S t r i n g a r g s [ ] ) {
System . out . p r i n t l n ( t imes_ i te r (4 , 3 ) ) ;
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As static method (2)

public static long t imes_iter(int a, int b) {
int r = 0;
for (int i = 1; i<= a;i++) {

r = plus(r,b);
};
return r;

}
public static int plus(int x, int y) {

return x + y;}



Just to focus

t imes_iter(a, b) {
int r = 0;
for (i = 1; i<= a;i++) {

r = plus(r,b); };
return r;

}

plus(x, y) { return x + y;}

a × b = 0 + b + b + . . . + b︸ ︷︷ ︸
a≥0

=
a∑

i=1
b
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Multiplication: one more time

a × b = 0 + b + b + . . . + b︸ ︷︷ ︸
a≥0

=
a∑

i=1
b

Self-referential definition (= recursive)
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Multiplication: one more time

a × b = b + b + . . . + b︸ ︷︷ ︸
a−1 “mal” b

= b + ((a− 1) × b)

Self-referential definition (= recursive)

Multiplication calculated with the help of Multiplication (and
addition)
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Multiplication: one more time

a × b = b + b + . . . + b︸ ︷︷ ︸
a−1 “mal” b

= b + ((a− 1) × b)

Self-referential definition (= recursive)

Multiplication of a× b calculated with the help of
multiplication of a− 1× b (and addition)
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In Java

p u b l i c s t a t i c l ong t imes ( i n t a , i n t b ) {
i f ( a == 0) {

r e t u r n 0 ;
} e l s e {

r e t u r n b + t imes ( a−1, b ) ;
}

}
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In Java

t imes ( a , b ) {
i f ( a == 0) {

r e t u r n 0 ;
} e l s e {

r e t u r n b + t imes ( a−1, b ) ;
}

}

a × b = b + ((a− 1) × b)
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In Java

t imes ( a , b ) {
i f ( a == 0) {

r e t u r n 0 ;
} e l s e {

r e t u r n b + t imes ( a−1, b ) ;
}

}

a × b ⇐ b + ((a− 1) × b)
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And what about negative numbers?

p u b l i c s t a t i c l ong t imes ( i n t a , i n t b ) {
i f ( a >= 0) {

i f ( a == 0) {
r e t u r n 0 ;

} e l s e {
r e t u r n b + t imes ( a−1, b ) ;

}
} e l s e {

r e t u r n − ( t imes (−a , b ) ) ;
}

}
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Take home message

Recursion
A recursive method is defined by via itself (= calling itself).

“Proper recursion” (= termination)

To solve a problem:
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Take home message

Recursion
A recursive method is defined by via itself (= calling itself).

“Proper recursion” (= termination)

To solve a problem:

1. define a method via calling itself of a “simpler” version
of the problem.

2. and: there is a simplest problem which is directly
solvable (= without further recursion), such that the
recursion “finds the exit” and terminates
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Take home message

Recursion
A recursive method is defined by via itself (= calling itself).

“Proper recursion” (= termination)

To solve a problem:

1. define a method via an applications of itself on one
“simpler” versions of the problem

2. and: there is one are simplest problems, which is are
directly (= without further recursion) solvable, such
that the recursion “finds the exit” and terminates.
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Factorial

Iteratively: “1 times 2 times 3. . . until n”

n! = 1× 2× . . .× (n− 1)× n =
n∏

i=1
i
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Factorial

Iteratively: “1 times 2 times 3. . . until n”

n! = 1× 2× . . .× (n− 1)× n =
n∏

i=1
i

f a c t o r i a l_ i t e r(n) {
long result = 1;
for (i = 1; i<= n;i++) {

result = result * i;
};
return result;
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One more time, but recursive

n! = n× (n− 1)× . . .× 2× 1
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One more time, but recursive

n! = n× (n− 1)× . . .× 2× 1︸ ︷︷ ︸
(n−1)!

f a c t o r i a l(n) {
if (n == 1) return 1;
return n * f a c t o r i a l(n-1);

}



Side by side comparison

f a c t o r i a l _ i t e r ( n ) {
l ong r e s u l t = 1 ;
f o r ( i = 1 ; i<= n ; i++) {

r e s u l t = r e s u l t ∗ i ;
} ;
r e t u r n r e s u l t ;

}

• variable result
updated step by step (=
iteratively)

f a c t o r i a l ( n ) {
i f ( n == 1) r e t u r n 1 ;
r e t u r n n ∗ f a c t o r i a l (n−1);

}

• variable result local
local to method body

• exactly one value per call
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iteratively)
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At run time

fac(5)
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At run time
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At run time

fac(5)

5× fac(4)

4× fac(3)
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At run time

fac(5)
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At run time

fac(5)

5× fac(4)

4× fac(3)

3× fac(2)
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At run time

fac(5)

5× fac(4)

4× fac(3)

3× fac(2)

2× fac(1)

1
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At run time

fac(5)

5× fac(4)

4× fac(3)
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At run time

fac(5)
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At run time

fac(5)

5× fac(4)

4× 6
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At run time

fac(5)

5× 24
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At run time

120
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Caller and callee

caller callee

call

return
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Life time of local variables

! × !5 !4 !3 !2 !1 !0



Run time stack

fac(5)

5× fac(4)

4× fac(3)

3× fac(2)

2× fac(1)

1

f a c t o r i a l ( n ) {
l ong r e s u l t ;
i f ( n == 1) { r e s u l t = 1 ; }
e l s e {

r e s u l t = n ∗ f a c t o r i a l (n−1);
} ;
r e t u r n r e s u l t ;

}

• n!: n (here 5) incarnations of result
• allocation/deallocation: LIFO ⇒ run-time stack
• dynamic memory management



Martin Steffen

Recursion
Introduction

Multiplication

Recursion & iteration

Fibonacci

Binary search

To conclude

0-19

Leonardo da Pisa
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The rabbit problem

1. A rabbit grows up in one month
2. Each grown up pair of rabitt breeds a pair of rabitts

each month

Question
Starting with one pair, how many pairs do we have after n
months
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Fibonacci’s solution

Month rabbit pairs
newborn grown up total

0 1 0 1
1 0 1 1
2 1 1 2
3 1 2 3
4 2 3 5
5 3 5 8

...
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Fibonacci’s solution

Month rabbit pairs
newborn grown up total

0 1 0 1
1 0 1 1
2 1 1 2
3 1 2 3
4 2 3 5
5 3 5 8

...

fn =
{

1 if n = 0 or n = 1
fn−1 + fn−2 otherwise
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In Java

p u b l i c s t a t i c i n t f i b o n a c c i ( i n t n ) {
i f ( n == 0) r e t u r n 1 ; // base ca se
i f ( n == 1) r e t u r n 1 ; // base ca se
r e t u r n

f i b o n a c c i (n−1) + f i b o n a c c i (n−2); // i n d u c t i o n ca se
}
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Calls

f(5)

f(4)

f(3)

f(2)

f(1) f(0)

f(1)

f(2)

f(1) f(0)

f(3)

f(2)

f(1) f(0)

f(1)
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Calls
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f(1) f(0)
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f(1) f(0)
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As an aside . . .

tree = rec. data structure
tree node =

• node without children (“leaf”),
or

• with n (here 2) tree nodes as
children
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Trees

p u b l i c c l a s s TreeO {
p r i v a t e TreeO l e f t , r i g h t = n u l l ;
p r i v a t e Object data ;

in practice: tree structure mostly more complex
• list of childred/sub-trees
• instead of Object: “generics”
• further methods, constructors, pointers
• avoid null-pointer
• interfaces
• . . .
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We can do more efficiently

p u b l i c s t a t i c i n t f i b o n a c c i ( i n t n , i n t a , i n t b ) {
i f ( n == 0) r e t u r n b ; // l e t ' s s t a r t w i th 1
r e t u r n f i b o n a c c i (n−1,b , a+b ) ;

}

• a = “newborn”, b = “grown up”
• initial call with fibonacci(n, 0, 1)
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Life time of local variables

Fac. iteratively

! ×

Fac. recursively

!5 !4 !3 !2 !1 !0

Fib. recursively

f(5, 0, 1)

f(4, 1, 1)

f(3, 1, 2)

f(2, 2, 3)

f(1, 3, 5)

f(0, 5, 8)

p u b l i c s t a t i c i n t f i b o n a c c i ( i n t n , i n t a , i n t b ) {
i f ( n == 0) r e t u r n b ; // l e t ' s s t a r t w i th 1
r e t u r n f i b o n a c c i (n−1,b , a+b ) ;

}
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Tail recursion

f(5, 0, 1)

f(4, 1, 1)

f(3, 1, 2)

f(2, 2, 3)

f(1, 3, 5)

f(0, 5, 8)

• recursive call: last in the
method body

• consequently:
• Stack unnecessary . . .
• iterative-rekursively

• often: compiler optimization
(not in Java, but on the
language’s todo-list)

p u b l i c s t a t i c i n t f i b o n a c c i ( i n t n , i n t a , i n t b ) {
i f ( n == 0) r e t u r n b ; // l e t ' s s t a r t w i th 1
r e t u r n f i b o n a c c i (n−1,b , a+b ) ;

}
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Tail recursion

f(5, 0, 1)

f(4, 1, 1)

f(3, 1, 2)

f(2, 2, 3)

f(1, 3, 5)

f(0, 5, 8)

• recursive call: last in the
method body

• consequently:
• Stack unnecessary . . .
• iterative-rekursively

• often: compiler optimization
(not in Java, but on the
language’s todo-list)

p u b l i c s t a t i c i n t f i b o n a c c i ( i n t n , i n t a , i n t b ) {
i f ( n == 0) r e t u r n b ; // l e t ' s s t a r t w i th 1
r e t u r n f i b o n a c c i (n−1,b , a+b ) ;

}
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“tail-recursive” calls?

p u b l i c s t a t i c i n t f i b o n a c c i ( i n t n , i n t a , i n t b ) {
i f ( n != 0) r e t u r n f i b o n a c c i (n−1,b , a+b ) ;
r e t u r n b ;

}

p u b l i c s t a t i c l ong f a c t o r i a l ( i n t n ) {
i f ( n == 1) r e t u r n 1 ;
r e t u r n n ∗ f a c t o r i a l (n−1);

}
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Rekursion vs. Iteration
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Rekursion vs. Iteration

• Recursion and iteration: in principle equally expressive
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Recursion, only interesting for “number
theoreticians”?

Git: Merge
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Recursion, only interesting for “number
theoreticians”?

Internet DNS

https://dyn.com/blog/recursive-dns-how-does-it-work/
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Recursion, only interesting for “number
theoreticians”?

The multi-million $ heist via recursion1

1in virtual money (ether/“blockchain”) and temporary.

http://vessenes.com/deconstructing-thedao-attack-a-brief-code-tour/
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Search

Goal

• Input: integer-array + number
• Output: if number in the array: index where

3 12 21 23 42 48 50 55 57 60 62 67 75 79 89 91
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Search

Goal

• Input: integer-array + number
• Output: if number in the array: index where

3 12 21 23 42 48 50 55 57 60 62 67 75 79 89 91

i=0
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Search

Goal

• Input: integer-array + number
• Output: if number in the array: index where

3 12 21 23 42 48 50 55 57 60 62 67 75 79 89 91

i=1
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Search

Goal

• Input: integer-array + number
• Output: if number in the array: index where

3 12 21 23 42 48 50 55 57 60 62 67 75 79 89 91

i=2
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Search

Goal

• Input: integer-array + number
• Output: if number in the array: index where

3 12 21 23 42 48 50 55 57 60 62 67 75 79 89 91

i=3



Martin Steffen

Recursion
Introduction

Multiplication

Recursion & iteration

Fibonacci

Binary search

To conclude

0-33

Search

Goal

• Input: integer-array + number
• Output: if number in the array: index where

3 12 21 23 42 48 50 55 57 60 62 67 75 79 89 91

i=4
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We can do better: binary search

Goal

• Input: sorted Integer-array + number
• Output: if number in the array: index where

3 12 21 23 42 48 50 55 57 60 62 67 75 79 89 91



Martin Steffen

Recursion
Introduction

Multiplication

Recursion & iteration

Fibonacci

Binary search

To conclude

0-34

We can do better: binary search

Goal

• Input: sorted Integer-array + number
• Output: if number in the array: index where
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We can do better: binary search

Goal

• Input: sorted Integer-array + number
• Output: if number in the array: index where
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We can do better: binary search

Goal

• Input: sorted Integer-array + number
• Output: if number in the array: index where
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We can do better: binary search

Goal

• Input: sorted Integer-array + number
• Output: if number in the array: index where
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Recursive approach

Divide & conquer: search for elem

• look up in the middle of the array
• if equal to elem ⇒ done
• if smaller than elem ⇒ search rekursively in the right

half
• if larger than elem ⇒ search rekursively in the left half



In Java
s t a t i c i n t sea rch ( i n t elem , i n t [ ] a , i n t low , i n t h igh ) {

System . out . p r i n t l n ( low ) ;
System . out . p r i n t l n ( h igh ) ;
i f ( low == high ) {

i f ( elem == a [ low ] ) {
r e t u r n low ;

} e l s e {
r e t u r n −1;

}
} e l s e { // low 6= h igh

i n t m = ( low + h igh ) / 2 ;
i f ( e lem < a [m] ) {

r e t u r n sea rch ( elem , a , low , m−1);
} e l s e {

r e t u r n sea rch ( elem , a , m+1, h igh ) ;

3 12 21 23 42 48 50 55 57 60 62 67 75 79 89 91

low highm
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s t a t i c i n t sea rch ( i n t elem , i n t [ ] a , i n t low , i n t h igh ) {

System . out . p r i n t l n ( low ) ;
System . out . p r i n t l n ( h igh ) ;
i f ( low == high ) {

i f ( elem == a [ low ] ) {
r e t u r n low ;
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r e t u r n −1;
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} e l s e { // low 6= h igh

i n t m = ( low + h igh ) / 2 ;
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} e l s e {
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“Correctness”
Argument

1. The “divide-and-conquer” idea seems plausibly sound
2. Termination

• each recursive call renders the problem smaller
(induktion case)

• there is a smallest problem (base case)

• Alas: it only looks like that . . .
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“Correctness”

Argument

1. The “divide-and-conquer” idea seems plausibly sound
2. Termination

• each recursive call renders the problem smaller
(induktion case)

• there is a smallest problem (base case)
• Alas: it only looks like that . . .



On second thought . . .

s t a t i c i n t sea rch ( i n t elem , i n t [ ] a , i n t low , i n t h igh ) {
i f ( low > h igh ) r e t u r n −1; // empty
i n t m = ( low + h igh ) / 2 ;
i f ( e lem == a [m] ) r e t u r n m;
i f ( e lem < a [m] ) {

r e t u r n sea rch ( elem , a , low , m−1);
} e l s e {

r e t u r n sea rch ( elem , a , m+1, h igh ) ;
}

}

3 12 21 23 42 48 50 55 57 60 62 67 75 79 89 91

low highm
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The bug that “fixed itself”

whi le ( days > 365) {
i f ( I sLeapYea r ( y ea r ) ) {

i f ( days > 366) {
days −= 366 ;
y ea r += 1 ;

}
} e l s e {

days −= 365 ;
y ea r += 1 ;

}
}
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Perhaps beginner’s glitches only . . . ?
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And as consequence?

• hands off recursion?
• base cases (and special cases) are particular error prone

(“one-off” errors)
• working in most cases 6= correct

“Program testing can be
used to show the presence
of bugs, but never to show
their absence”

Dijkstra 1970, p. 7

• ultimately: careful reasoning needed (“correctness
proof”) angesagt.
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Further issues

• in-direct recursion (“call-backs”)
• induction & recursion
• inductive/rekursive data structures and corresponding

algorithms (e.g. trees)
• complexity
• . . .



Martin Steffen

Recursion
Introduction

Multiplication

Recursion & iteration

Fibonacci

Binary search

To conclude

0-43

Kudos

The slides where done with

• gnu emacs org-mode (“gnu’s not Unix”)
• LATEX, und
• TikZ (“TikZ ist kein Zeichenprogram” )

The “design” owes inspiration the elaborate style-files of the
Uni Lübeck (M. Leucker, V. Stolz).

http://orgmode.org/
https://www.latex-project.org//
http://www.texample.net/tikz/examples/
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Sources

Most of the material is “common knowledge” and I did not
base the lecture on any specific book or source. Similar
examples can be found in basically all introductions to Java,
or other programming languages, for that matter. Pictures,
if not self-made graphics, are likewise from “creative
commons”. Particular internet finds might be clickable via
embedded links.
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