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MotivationOverview

� Motivation� Types & obje
t-orientation� \F-omega-sub"� De
idability� Con
lusion
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MotivationTyped programming

� \semanti
al" phase of 
ompilers:

lexer +3/o/o/o/o/o/o/o
/o/o/o/o/o/o/o parser +3/o/o/o/o/o/o

/o/o/o/o/o/o type system +3/o/o
/o/o \oper. semanti
s"

regular 
ontext-free ? unde
idable� strong type safety:well-typed programs are free of run-time errors� preferably: stati
ally 
he
kable () eÆ
ien
y)
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Types for OOParametri
 polymorphism

� polymorphi
: a program 
an 
arry more than one type� Example: swapping argumentsswap(x:N ; y:B ) = (y; x) : N � B ! B � N

� preferable: one generi
 swap-fun
tion for all typesswap : 8X;Y:X � Y ! Y �Xswap X Y (x:X; y:Y ) = (y; x)

) parametri
/universal polymorphism
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Types for OOSubtyping

Is S a subtype of T , then a program of typeS 
an be safely used in pla
e where a programof type T is expe
ted) order on the types (�)� intuitively: subsets S � T , e.g. Int � Real .� 
ombination with universal polymorphism:list max : 8X � Ord :(List of X )! X

� bounded universal quanti�
ation
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Types for OOType operators

� Example 1: \List of " is no type, only \List of N " is, e.g.[4; 5; 0℄ : List of N

) type operator = fun
tion from types to types� Example 2: signature/method interfa
e of obje
ts

PointSig of X = f getx : X ! N ;setx : X ! N ! X g

5



Types for OOFeatures (
ont.)

� polymorphism{ universal polymorphism{ subtyping� higher-order fun
tions� en
apsulation� inheritan
e� late/dynami
 binding� : : :
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Types for OOFormal model: typed �-
al
uli
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� F : the polymorphi
 �-
al
ulus [Girard, 1971℄[Reynolds, 1974℄� F�: [Cardelli and Wegner, 1985℄ : : :� F ! [Girard, 1971℄� F !� [Cardelli, 1990℄ [Mit
hell, 1990℄ : : :
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Types for OOF !� as OO-
al
ulus

� [Hofmann and Pier
e, 1995℄: F !� as base 
al
ulus for OO-languages{ 
lass-based{ single inheritan
e{ en
apsulation (using 9)provided: signature/method interfa
e = monotone type operator

PointSig = Fun(X):f getx : X ! N ;setx : X ! N ! X g� 
lass-inheritan
e ) subtype relation between instan
es� absen
e of binary methods� \inheritan
e of proofs" [Hofmann et al., 1998℄ 8



Types for OOExample: more 
exible typing

� Cf. [Duggan and Compagnoni, 1999℄ (for obje
t type 
onstru
tors)� Example:
If Int � Real ;then Array of Int � Array of Real ?
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Types for OOF !� = \the" 
al
ulus of higher-order subtyping?

full F !�
#+NNNNNNNN

NNNNNNNN

rz nnnnnnnnn

nnnnnnnnnpolarization
$,PPPPPPPPP

PPPPPPPPP

bounded op's.
s{ pppppppp

pppppppppure F !�

� full F !� : [Cardelli, 1990℄� bounded operator abstra
tion:[Compagnoni and Goguen, 1997℄
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Types for OOWhat's next

� �x the syntax� axiomatize stati
 properties{ when does program t 
arries type T?{ when is type S a subtype of type T?) formal dedu
tion system
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The formal systemSyntax of F !�

� three levels: programs, types and kinds

t ::= x j fun(x:T )t j t t fun
tionsj fun(X � T )t j t T universal polymorphism, �T ::= T ! T fun
tionsj All(X � T )T j X universal polymorphism, �j Top(K)j Fun(X:K)T j T T type operatorsK ::= ? j K !K kinds (= \type of types")
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The formal systemJudgments & rules

� So far: syntax only (
ontext-free), but no relationships) Judgments (e.g.):
� ` t : T program t is of type T� ` S � T S is a subtype of T� ` T : K type T is of kind K

� Dependen
y: Subsumption� ` t : S � ` S � T� ` t : T (Sub)
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The formal systemF !� : subtype system

� axiomatization of � by dedu
tion rules� two 
lasses of �-rules1. language-independent properties of �, e.g. transitivity.� ` S � U � `U � T� ` S � T (S-Trans)2. stru
tural, e.g. for !{types� ` T1 � S1 � ` S2 � T2� ` S1!S2 � T1!T2 (S-Arrow)
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The formal systemF !� + monotoni
ity

� extension of F !� by monotoni
ity information )
\polarized F !� "

If Int � Real ;then List of Int � List of Real? : : :: : :X1 � X2 : : : ` T X1 � T X2� ` T 2 K1 !+K2� all in all: 4 polarities ) subkinding �+ >>}}} �``AAA

ÆaaBBBB
==||||
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De
idabilityGoal

� Given: spe
i�
ation of the (sub{)type systems� Needed: algorithm to 
he
k the judgments.

type system ?
+3 type 
he
ker
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De
idabilityWhere is the problem, then?

stru
tural rules !, 8 : : : straightforward (or almost : : : )

� ` T1 � S1 � ` S2 � T2� ` S1!S2 � T1!T2but not1. transitivity: � ` S � U � `U � T� ` S � T2. 
onversion S =� S0 � ` S0 � T 0 T 0 =� T� ` S � T
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De
idabilityTransitivity

� Goal: rule of transitivity is super
uous = \
ut elimination"

U1 � S1 S2 � U2S1 ! S2 � U1 ! U2 + T1 � U1 U2 � S2U1 ! U2 � T1 ! T2

T1 � U1 U1 � S1T1 � S1 S2 � U2 U2 � T2S2 � T2S1 ! S2 � T1 ! T2

� Problems:{ S-Trans is not super
uous (known twist){ destroys the normal form 18



De
idabilityEliminate 
ut?

� alas, S-Trans is not super
uous:� example:1 assume � = : : :X � Y ; Y � Z : : : .� ` X � Y � ` Y � Z� ` X � Z

� solution: add a new rule � ` �(X) � T� ` X � T

1one 
an have more 
ompli
ated examples in F ! 19



De
idabilityConversion

� Goal: Using normal forms only� instead of undire
ted 
onversion: redu
tionS =� S0 T =� T 0 � ` S0 � T 0� ` S � T

� For instan
e: for arrow-types

S //��>S1!S2 T //��>T1!T2 � ` T1 � S1 2 ? � ` S2 � T2 2 ?� ` S � T 2 ?
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De
idabilityAdditional problems

kinding system pol. appli
ation

.. subtype systemnn

typing subsumption88

: : :: : :X1 � X2 : : : ` T X1 � T X2� ` T 2 K1!+K2� break the dire
t interdependen
e of subtyping and kinding ) \strati�
ation"� termination� generalization of 8-subtyping rule� \antisymmetry" of � (
f. [Compagnoni and Goguen, 1999℄) 21



De
idabilityResults

Theorem. Subtyping � ` S � T : K and kinding � ` T : K for polarized F !� arede
idable.Proposition. Every well-typed program has a minimal type.Corollary. Typing � ` t : T for polarized F !� is de
idable.
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Con
lusionFuture work

� Model (for instan
e PER-model)� de
idability for the full 
al
ulus ([Compagnoni and Goguen, 1997℄):Fun(X� S)T instead of Fun(X: K)T

� lo
al type inferen
e (e.g. [Pier
e and Turner, 1998℄ for F�, in Pi
t)
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