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Introduction and Overview

The basic intuition of transformational design:

Program design is guided by transformation rules.

Derive the (i+1)-th implementation by applying a transformation

rule on the i-th implementation,

1. implementation — ... — 1 — th implementation

— (i 4+ 1) — th implementation — ...

Start derivation with the most coarse grained (simple)
implementation satisfying the specification and proof its

correctness.
Applying transformation rules preserves correctness.

Obtain a history of the design process by recording every

transformation step.
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Introduction and Overview

For what good is transformational design in concurrent programs?

Assume we need a distributed program Sp to perform some task t.

Sp is likely to be hard to verify and the final assertional
correctness proof does not reflect the design process of Sp.

Suppose we have an implementation of ¢ consisting of sequentially

composed parts (layers), say Sp.

Usually S, ought to be easier to develop than the distributed

version Sp.

We may also assume that Sy, is easier to understand and easier to

verify than Sp.

Thus we might ask:
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Introduction and Overview

Is there way to transform S into Sp such that both programs are
equivalent and the correctness of Sy, is preserved by the

transformations?
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Introduction and Overview

Obviously this leads to the following questions:

L.

= W

Of what syntactic structure is S;, supposed to be?
When do we consider two programs as ”equivalent”?
What kind of transformations are done?

What are the transformation rules?
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Introduction and Overview

Clarify the first and second question by
e defining the syntax of the programming language to employ ,

e defining equivalence of two programs. In order to do so we have to

define proper semantics for our programming language.
Clarify the third and fourth question by
e introducing the communication-closed-layers paradigm |,

e introducing the so-called CCL Laws.
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To the first question ...

|SyntaX and Semantics'

e Choose a guarded command language with
— non-deterministic conditional command,

— non-deterministic multi-test loop.

e Additionally:
— every guarded command (called action) has a unique label,
— parallel composition, denoted by ”||” and
— send and receive actions for asynchronous communication.
e Syntax (and semantics) are closely related to transition systems.

For a statement S we define T'[S] the be a corresponding

transition system.
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To the first question ...

[Syntax}

Actions act = (b—oT:=é)]

send(c, e) | receive(c, )
Programs S = a:act| S1;S2 | [S1]|92] |

if [|7.,S; fi |do Sg[|SE;exit od
Closed programs Sys == (S)
send(c, e) det (. full — c.full,c.buf = true,e)
receive(c, ) det (c.full — c.full,x := false,c.buf)

Communication Closed Layers Page 9



To

the second question ...

Transformations are supposed to preserve ”equivalence” of two

prograins.

The more stronger our requirements on two programs to be
"equivalent” are the less room we have for interesting

transformations, e.g.
Py, = P, iff Comp[P1] = Comp[Ps].

We will require that ”equivalent” programs define the same
initial-final state relation. This implies:
Equivalent programs satisfy the same Hoare formulae for

partial correctness.

We do not require that ”equivalent” programs have the same
deadlock behavior or that they have the same divergence behavior.
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To the second question ...

[Semantics}

e Define semantics of a program S
— in a compositional way,

— by sequences of action labeled computation steps, e.g.

(00 = a1){oy = a9) ...,

— by the set of all possible sequences produced by S.

e Consider two programs as equivalent if they define the same sets
of initial-final state pairs.
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To the second question ...

[Reactive—event-sequence semantics R.AJ

RAfa: (b—7:=8)] & {{c 0" |0 EbAo = A7[7 = €]o}
RA[S1: So] % RA[S: ] RA[Se]
RAJE 17,9 i] = Uf, RA[S;]
Let RO & RA[SE], and let R(+1) e RA[SB]"R™W, for i > 0.
Then:

RA[do Sp|Sp; exit od] < | J{IRD | i > 0}.
RA[[S1]|S2]] = RA[S:] || RA[S:]

def

RA[(S)] = {© € RA[S] | © is connected}
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To the second question ...

[Limitations:}

e Semantics of divergent computations are not defined.

e Sequences must be finite (the set of all sequences produced

by S may be infinite).
e Decadlock behavior is not observable.

— Partial correctness only.
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To the second question ...

[Initial—ﬁnal—state semantics}

e 048] = O[T[S]].

e /O : RA — X?, constructs the initial-final state pair from a (finite)

reactive sequence.

o OulS] S{IO0() | n € RA[(S)]}-

{io-equivalence}

o 51 X Sy iff OuSi] = Ou[Ss].
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To the third question ...

|T0 the third question '

Remember our introducing example of two programs Sr, and Sp
implementing the same task t:

e We seek to increase/reduce concurrency of programs by applying
transformation rules on them

increase concurrency
/\
decrease concurrency

e Transformed programs are supposed to have the same
initial /final-state behavior, i.e.

s, g,
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To the third question ...

e Consider a layer as a top-level parallel composition of program

fragments, e.g. [So.0l/S0.1/S0.2]

e Programs consist of sequentially composed layers, e.g.

[50,0||50,1||50,2]; ooy [Sn,0||5n,1

’Sn,Z]

e Increase/reduce concurrency by merging/sequentializing the layers

of a program, e.g.

S0.,0 So,1
51,0 S1.1
S2.0 S2.1
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To the fourth question ...

Introducing four CCL Laws (CCL 1 - CCL 4):
e CCL 1 and CCL 2 for programs using shared variables.

e CCL 3 and CCL 4 for communication based programs, i.e. no
shared variables are used except those associated with the

communication buffers.
Additionally we will inquire how to transform loops:

e Loop Distribution Theorem for while-loops.
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CCL Laws for Shared Variables

|CCL Laws for Shared Variables'

[Syntactically commuting and conﬂicting}

Two say that actions ay = (by — &1 := é1) and ay = (by — Ty := €é3)
are syntactically commuting if:

(i) write(ar) Nread(az) = 0.
(il) write(az) Nread(ay) = 0.

(iii) write(ar) Nwrite(as) = 0.

Actions which do not syntactically commute are said to be in con flict.
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CCL Laws for Shared Variables

We introduce the following notations:
® a1 —/—as, if a; and ay are syntactically commuting
® a1—as, if a; and ay are in conflict

For program fragments S; and So we define

o 51—+5

by requiring that for all a1 occurring in S; and all ay occurring in Sy
we have that a; —/—as.
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CCL Laws for Shared Variables

[Concurrent actions}

Two actions a and a’ occurring in S are called concurrent actions if
there are two different parallel components S; and S5, such that a

occurs in S; and a’ occurs in Ss.

[ExampleJ
o 5= 51;[5(53; [S4l|S5]; Se)]-

Parallel components of S
e S5, 54, S5 and (S3;[S4]|55]; S6)-

Let a; be an action occurring in S; for i € {1,2,3,4,5,6}, then
e (a9, az) are concurrent

e (a3, as) are not concurrent

Communication Closed Layers Page 20



CCL Laws for Shared Variables

[Commuting Actions Lemma}

Consider
e closed program (5),
e a; and a;41 concurrent actions occurring in (S) s.t. a;—/—a;11.

Let n € RA[(S)] of the form:

<O'0 g O'1> .. <O'z'_1 at>1 O'i><0'7; % O-z'—|—1><0-z'—|—1 ail O-z'—|—2><0_z'—|—1 aﬁ? Uz’+3> ..

Let n” be defined as n with a; and a;11 exchanged, i.e., of the form:

<00 = 01> e <<7z'—1 =t 0z‘><0z' = U§+1><U§+1 — Ui+2><0i+1 s Uz‘+3> s

Then " € RA[(S)].
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CCL Laws for Shared Variables

Proof: Suppose a; = <bz — XI; = éi> and a; 11 = <bi_|_1 — Tj41 1= éz'_|_1>.
To prove i’ € RA[(S)] we have to show

(i) [oiral(oi) = tt,

(ii) [bs](o;q) = tt, where o = [Ziy1 = €i41](04),

(iti) [Z; := &](oi41) = [Zig1 == €ig1](0it1),

Since n € RA[(S)] we have that

(a) [bi](os) =1t

(b) [biv1l(oip1) =t

(¢) oiy1 = [Zi = &](0s) and 042 = [Tiy1 = €i1](0it1).
By a;——a;.1 we have

(%) write(a;) Nwrite(a;11) = 0.
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CCL Laws for Shared Variables

It follows:

—
8l
&
I
|
~.
| —]
—
Q
N~
_l_
—
N—"
I

7 = ;] ([Tir1 = €ir1](04))
9

= [Ziy1 = €1 ]([7s == €] (04))

VY

VY
N—’

C

= [Zit1 = €ix1](0ig1)-

Thus, point (iii) is valid. Now consider (i) and (ii): By definition

o Biil(0ir1) = Binal([7: = el(0:) 2
o [bi](0i1) = [bi]([Tiv1 = Eiv1](04)).
From [b;11](0;41) = tt and write(a;) Nread(a;+1) = O it follows

[bi+1](0:) = tt.

Since [b;](0;) = tt and write(a;11) Nread(a;) = 0 we conclude

[[bz]] (O'z) = {t.

tt,
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CCL Laws for Shared Variables

[CCL 1 (Independent program fragments)J

Let St and Sp be programs defined as follows:

' Soo ||+ | Soum | Soo || - || Som

; ; o o e ;

def . . . def
SL — : . . and SD —

; ; o o e ;

En s o || S

Assume that S; j—+—S;/ j» for i # 4’ and j # j', then S, © Sp.
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CCL Laws for Shared Variables

Proof: Follows from CCL 2.
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CCL Laws for Shared Variables

(CCL 2 (Conflict-based ordering)J

Let S;, and Sp be programs defined as follows:

' Soo || - | Soum | Soo |l |l Som

: 3 ;
def . . .
SL = : . . and SD =

S0 | | S | Smo || - || So

C
Assume that = (Sp) psat (S; ; — Si’ ;) holds for all ¢ <3’ and j # j'.
Then Sy, o Sp.
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CCL Laws for Shared Variables

Proof: We show
(1) an < RA[[<SL>]]E|77D < RA[[<SD>]] s.t. IO(UL) — IO(”D)
(11) VUD < RA[[<SD>]]E|77L < RA[[<SL>]] s.t. IO(UD) — IO(”L)

Since any sequence produced by (St ) is also produced by (Sp), i.e.
RA[{SL)] € RA[(SD)],

it remains to prove point (ii). Let n, € RA[(Sp)].

Consider the case n = 1:

Soo I - |l Soml S0,0 | -+ || Som
andSD:
Sio0 | - A Sim) S10 || - || Sim

S, =
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CCL Laws for Shared Variables

There might be occurrences of events ag and a; in n,, where a; labels
an action in S ; and ag labels an action in Sy j/, s.t. the a;-event
precedes the ag-event (note: this is not possible in 1, ). Let k denote
the number of such event pairs (a1, ag) occurring in 7, .

We show by induction on k:

(%) Vk.3n, € RA[(SL)] s.t. IO(n,) =10(n,).

e Basis case:
Let k = 0. Then we have that n, € (Sg).

e Induction step:
Assume that 1, has k + 1 pairs of events (a1, ag) as indicated.
We may assume that there exists a pair (a1, a9) in n, s.t. ag

immediately follows a;, thus n, is of the following form:
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CCL Laws for Shared Variables

n, = 0{c — "V {c" = "0, for some sequences 6, # and states o, o', 0.
C
e From = (Sp) psat (Sp; — S1,;7) for all j # j' it follows

a1 ——ag.

e Hence, by Commuting Actions Lemma we have that

0(c 2% V(1" B 0"V € RA[(Sp)].

e Applying the ind. hypothesis on n{o <% 7/ (" 2 &'}/ we obtain
30, € RA[(S:] s.t. IO(n,) = IO (0(0 99y (! 0”)0/) .

The case n > 1 can be shown analogously by defining a k for every

event pair (a;,a; ) with ¢ > ¢'.
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CCL Laws for Shared Variables

[Example}
Consider the following program S given by
[ a z = 2; ay :x:=2; |
Py : P(s); ViV (s);
SDdéf as :w = 1; ah : v = 1;
Py : P(s); Vo 1 V(s);
|l az:zi=x+ 1 || agivi=w+1;

We claim that = {s}( S ){z =3 Av =2}
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CCL Laws for Shared Variables

Applying the proof method of Owickie & Gries we would have to verify:
e max. 60 verification conditions to proof interference freedom

Instead we transform .S into a layered version: Let

( ([
ef ef
S0,0d— { P P(S), ) SO,l e \ Vi V(S),
a2 w :]_7 \ a,/2 V= ].,
[ Py P(s); (Vo V(s);
Sl,() déf $ ’ Sl,l dﬁf <
L az:izi=x+ 1 L azivi=w A1
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CCL Laws for Shared Variables

Then

Sp = ’

Let S, be the layered version of Sp, i.e.

def | [So0 | Soal;
Sp =
S10 |l Sia]

We claim that Sp © St by CCL 2.
To proof correctness of Sy using O&G method we have to verify:

e max. 36 verification conditions to proof interference freedom

Are the requirements of CCL 2 satisfied?
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CCL Laws for Shared Variables

C
We have to prove |= (Sp) psat (S; ; - Sy ;) for all ¢ < i’ and j # j,
1.e.
c
(a) = (Sp) psat (P — V2)

(b) = (Sp) psat (ay — a})

(¢) k= (Sp) psat (] < a3)

(d) k= (Sp) psat (V; = Py)

Conditions (a) and (d) are valid by the ordering caused by semaphores.
We can deduce the validity of (b) and (c¢) by the ordering caused by

sequential composition.
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CCL Laws for Communication-Based Programs

(Communication-based ]

We call a programm S communication-based if there are no shared
variables used in S except those associated with the channels. All
communication is done using send and receive actions as defined

earlier.
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CCL Laws for Communication-Based Programs

[Syntactic send and receive counters}

For a channel ¢ we define the functions
e n5s.(5), the number of send events in S along channel c,
e nr.(5), the number of receive events in S along channel c,

by induction on the syntactic structure of S...
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CCL Laws for Communication-Based Programs

e nsc.(send(c,e)) def 1, and nsq(a) 4" 0 for all other atomic actions a,

o ns.(S1;52) =

i : otherwise ,

def { nsc(S1) + nsc(S2) : mnsc(S1) #L A nsc(S2) #L

L nsc(if []zn:lbi — Sz ﬁ) =

1 : otherwise ,

def{ nre(S1) V1§i,j§n(nsc(5i):nsc(sj))

o nsc([S1 | S2]) =

Y

def { nsc(S1) + nsc(S2) : nsc(S1) #L A nsc(S2) #L

1 : otherwise
o nsc(do [|7_,b; — S; od) def{ 1S vﬂ<t1(1”8 (5:)=0)
: otherwise

Analogously we define nr..
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CCL Laws for Communication-Based Programs

[Syntax-based communication closedness}

o Lot L & 1So || --- ]| Sm] be a layer that uses some channel c.

e Assume that S; contains all the send actions for ¢ and some S

with 72 # j contains all the receive actions for c.

L is called communication closed for a channel c it
1#ns.(S;) =nre.(S;) #L .

L is called communication closed if it is communication closed for all

channels occurring in L.
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CCL Laws for Communication-Based Programs

[Example}

The layer

send(c, e); receive(c, e);

receive(d, r) || send(d, x)

1S communication closed, however

send(c, e); receive(c, r);

receive(d, r) || send(c,e)

1s not communication-closed.
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CCL Laws for Communication-Based Programs

[CCL 3 (Syntax-based CCL)J

Let S;, and Sp be communication-based programs defined as follows:

[ S0.0 H H S0,m ] [ So.0 || -+ || Soom ]
SL déf and SD déf
{ Sn,O H H Sn,m } | Sn,O Sn,m |
Assume that each layer L; L 1Sio -] Sim], where 1 <14 <mn, is

L IO
communication closed. Then S; = Sp.
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CCL Laws for Communication-Based Programs

Proof: By CCL 2 we have to prove:

’: <SD> psat (Si,j S» Sz",j’) for all ¢+ < 7:/ and j 7é j/. (*)

(b) Consider the case n=1, i.e.
Soo0 | - |l Soml So,0 || -+ || So,m
SL — ; and SD =
Si0 || - |l Sim) S1oll - || Sim

(c) Assume (x) is not valid. Then
In, € RA[(Sp)].n, = 0{c 2 o'V o" 2% o"V0' N ag—an,
where ag is occurring in Sy ; and a; in S j for j # j'.

(d) Let a; be the first event preceding such an ag-event.
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Assertion-Based Program Transformations

|Asserti0n—Based Program Transformations'

[Precondition-based semantics}

Oul{pre}S1 % {(0,0") | In.o = preA(o,0’) = I0(n) An € RA[(S)]}.

[Precondition-based io-equivalence}

We define precondition-based io-equivalence between two SVLTT
programs S and S; denoted by

{(p1}S1 E {p2} 5o,
if Ocl[[{pl}sl]] — Ocl[[{pQ}S2]]-
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Assertion-Based Program Transformations

[Augmented send / receiveJ

send(c, e) def (—c. full — c.full,cbuf, c.sent, = true, e, c.sent + 1)

receive(c, ) det (c.full — c.full, x, c.received := false,c.buf,c.received + 1).

[Assertion-based communication closedness}

Let S be a program with precondition pre.

e S is called communication closed for a channel c if

= {pre A c.sent = c.received}(S){c.sent = c.received}.

e A program or layer with precondition pre is called communication

closed if it is communication closed for all of its channels.
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Assertion-Based Program Transformations

[CCL 4 (Assertion based)J

Let S;, and Sp be communication-based programs defined as follows:

and SD

def
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Assertion-Based Program Transformations

Assume that each layer with precondition

def
Li = {pi}[Sio |- -- || Si,ml

is communication closed, and that {p;}[Sio || .|| Si.m]{pi+1} is valid
for 0 <i¢<n-—1. ThenSLI:OSD.
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Assertion-Based Program Transformations

| Loop Distribution '

(Lemma (Loop unfolding)J

For all contexts C|[-] we have

Ou[C[while b do S od]] = | | Ou[C[(b; S)7; b]].

JjeN
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Assertion-Based Program Transformations

[Loop distribution}

Consider a program while b do [S7 || S2] od, guards by, by, and
assertions p and I with the following properties:

(i) I is a loop invariant, i.e.,
= {LADF([S1] S2]) {1}
(ii) Ep— I

(iii) The variables of b; are local to S;, © € {1,2}, and moreover the

following is valid:
=1 — ((b< b)) A (b by)).

(iv) {I}]|S1 || S2] is communication closed.
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Assertion-Based Program Transformations

Then

{p} while b do [S7 || S2] od
10

{p} [while b; do S; od || while b; do S od]

and {p} [while b; do S; od || while by do S; od] is communication

closed.
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Assertion-Based Program Transformations

Proof: By Lemma (Loop unfolding) we have that

Ou[{p}while b do [51]|S2] od] = | ] Ou[{p}(b; [S1]|S2])7; =b]-

JEN

(a) Let 7 € N and n € RA[{(b; [S1]|S2])?; —b)] s. t. the initial state of
n satisfies p. Let ¢ be an intermediate state in n where the guard b

or —b is evaluated. Then by (i) and (ii) we have that o = I.
Property (iii) now implies that o = b iff 0 = b1 A by and that
o = b iff o = —b1 A —bs. We conclude

{p}(b: [S1]1S2))75 =b = {p} (b1 A bo); [51\!52]) 5 (2b1 A —ba).
(*)
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Assertion-Based Program Transformations

(b) Tt can be shown that (b A by) = [by||ba] and
(mb1 A —bs) L [—b1||—b2], and since (by A b2) and (—b; A —bs) are
not within the scope of a parallel composition operator inside (%)
we can replace (by A by) and (—by A —b2) in (a), obtaining;:

{p}((b1ADa); [S1]1S2))7; (mbiA=ba) = {p}([b||ba); [S1][S2]); [—b1 || =ba).
(c) By (ii) and (iv) we may apply CCL 4 on {p}|b1]|b2]; [S1||S2], thus

{p}[b1[|b2]; [S1]1S2] = {p}[bi; Sa|ba; Sa).

With respect to (b) we conclude

{p}([ba]|b2; [S111S2))7; [=b1 [ ~ba] =2 {p}([b1; Sallba; Sa)); [~b1]|=ba).
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Assertion-Based Program Transformations

(d) By properties (ii) and (iv) {p}|b1; S1]||b2; S2]; [b1; S1||b2; S2| satisfies
the requirements of CCL 4, hence

{p}[b1; S1[b2; Sal; [b1; St [|ba; Sa] = {p}(b15 S1)2||(ba; S2)?).

Inductively we obtain for all 7 € N that

{p}([b1; S1||ba; Sa])? € {p}[(b1; S1)7||(ba; S2)].

Applying CCL 4 once more, we finally obtain

{p}([b; S1l|ba; Sa]); [ || =ba] 2 {p}[(br; S1)7; —~ba|(ba; S2)7; =ba).
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Assertion-Based Program Transformations

Summarizing:

O [{p}while b do [S1]/.S2] od]

Ujen Octl{p} (b; [S11]S2])7; 0]

= Ujen Oal{p}((b1 A b2); [S1]S2])7; (b1 A =ba)]
2 U,jen Oal{p} ([b1|b2]; [S111S2])7; [=b1 [ =b2]]

= Ujen Oal{p}([b1; S2llb2; S2])7; [=b1 || =b2]]

= U,en Oal{p}(b1; S1)7; =b1[(ba; S2)75 —b2]].

Next we prove that, for all 7 € N,

O [{p}(b1; S1)7; b1 || (b2; S2)7; =ba]].
= Uren Oal{p}(b1; S1)7; —b1 || (b2; S2)"; —ba]].
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Assertion-Based Program Transformations

We prove this claim by showing that for any k£ # j

Oct[{p}(b1; S1)7; b1 | (ba; S2)*; —b2]] = 0.

Assume that k # j, and without loss of generality, that j < k. By (d)
we have that

{p}[(b1; S1)7; —b1]|(b2; S2)*; —bs]
O (0} ([by: Sulba: 215 [bil1ba): (S2:ba)t == S b

By properties (i) and (ii) the loop invariant I holds at the state where
the guard —b; A by is evaluated. However, by property (iii) this guard

evaluates to "false”, and cannot be passed. It follows that for j # k

Ou{p}[(b1; S1)7; =b1|(ba; S2)F; =ba]] = 0.
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Assertion-Based Program Transformations

We deduce by the above equivalences, the compositionality of the

reactive-event-sequence semantics R.A, and the fact that | J jEN

distributes over H:

O [{p}while b do [S1]|.S2] od]

= Ujen Oal{p}(b; [S1]S2])7; 0]
= Ujen Uren Octl{p}[(b1; 51)7; =b1 | (b2; S2)*; =ba]]
= UkEN Ocl[[{p}[while bl do Sl OdH(bQ; Sg)k; _lbg]]]

=  Ou[{p}|while b; do S; od||while b, do S5 od]].
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Assertion-Based Program Transformations

Since

{p}while b do [S1]|S2] od (1)

€ (pY[while b; do S; od||while b, do S, od]. (2)
both loops satisty the same pre- and postconditions. Thus, the
communication closedness of (2) follows from from communication

closedness of (1).
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Example: Set-Partitioning
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Example: Set-Partitioning

e Given two disjoint, nonempty and finite sets of integers Sy and T1j,

e.g.
So ={3,8,9} and Ty, = {1,4}.

e SopUTp must be partitioned into two subsets S and T such that
— [Sol = |5,
— |To| = |11,
— every element of S is smaller than any element of T', e.g.

SoUTy ={3,8,9,1,4} — § = {1,3,4} and T = {8, 9}.

e Algorithmic idea:

"Exchange max(S) with min(T) until mazxi—

mum of S is smaller than minimum of T.”
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Example: Set-Partitioning

Pre- and Postcondition for set-partitioning algorithm:

def

pre = L S=S AOANT=Tv£0ASNT =0 }.

def |S’:‘SO|/\|T’:‘TO|/\SUT:SOUTO
post = .
Amax(S) < min(T)

Algorithm:

{pre}

max, min := max(S), min(T);

while max > min do
(* exchange max with min *);
mazx, min = max(s), min(T);
od;
{post}
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Example: Set-Partitioning

Psyv :(Proof outline: O8G system for closed programs)

{pre}

imax := max(S) || min := min(T)];

{qo}skip;{/}

while max > min do

{I N max > min}skip;{q:}

1S = (S\{max}) U {min} || T := (T\{min}) U{maz}]
{a2}

max := max(S) || min := min(T)];

(1)

od;
{I AN max < min}skip;{post}
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Example: Set-Partitioning

Assertions Pgy:

pre

qo

q1

q2

post

= [ S=SeAOAT=Ty#0ASUT=0 }.

def { S=So AOANT =Ty ZDANSUT =0 }

Amin = min(T) A max = max(S)

= @[5, T/ (S\{min}) U {mazx}, (T\{maz}) U {min}].

|S|:|So|/\|T|:|T0|/\SUT:S(_)UTO
ASNT =0AS#OANT # 0 '

ASNT=0ANSADANT #10

Amin = min(T) A max = max(S)

{ S| = [So| A|T| = |To| ASUT = So U Tp

|S| = |So|/\|T| = |T0|/\SUT:S(_)UTO
Amax < min(T) .
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Example: Set-Partitioning

Pinit - (Communication-based)

{pre’}
[max := maz(S) || min := min(T)];
1407
[[send(C, max) || receive(D, mn)] || [receive(C, mz) || send(D, min)]]|;
{ao:} {1'}
while max > min do
{I' A maz > min} {q}}
1S := (S\{mazx}) U {mn} || T := (T\{min}) U {mz}];
142}
[max := max(S) || min := min(T)];
{d5:1}
[[send(C, max) || receive(D, mn)] || [receive(C, mz) || send(D, min)]]|;
{1}
od;
{I' AN max < min} {post’}
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Example: Set-Partitioning

Assertions Pyt

pre

/
do1

.

pre

A=C. full A C.sent = C.received p -

A=D. full N D.sent = D.recetved

qo0

A=C. full A C.sent = C.received p -

A=D. full N D.sent = D.received

a5

Amn = min A mxr = max

q1

A=C. full A C.sent = C.received p -

A=D. full N D.sent = D.received
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Example: Set-Partitioning

q/ dﬁf
5 =
q/ dEf

21 -
I, dﬁf
post’ det

q2
A=C. full N C.sent = C.received

A=D. full AN D.sent = D.received |

a5

Amin = min(T) A max = max(S)

1
A=C. full N C.sent = C.received
A-D. full N D.sent = D.received

Amn = min A mxr = max

post

A=C. full \ C.sent = C.recerved ; .

A=D.full N D.sent = D.received |

Ve
.
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Example: Set-Partitioning

By CCL &:

| maz := max(S) || min .= min(T) |;
[send(C, max) || receive(D, mn)] .
| [receive(C,mz) || send(D,min)] |
- mazx := max(S); min := min(T); ]

[ send(C, mazx) || } [ send(D, min) || } ;

receive(D, mn) receive(C, mx)
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Example: Set-Partitioning

By CCL 4:

S =
| T =

(
(

S\{maz})U{min} |
T\{min})U {maxzx} |

imaz := maz(S) || min := min(T)];

[receive(C, mz) || send(D, min)]

[ send(C, max) || receive(D, mn)] }
|

S = (S\{mazx}) U {min};

maz = max(S);

[ send(C, mazx) || }

receive(D, mn)

T := (T\{min}) U {maz};

min := min(T);

send(D, min) || }

receive(D, mzx)
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Example: Set-Partitioning

So far we obtained

{pre'}

max := max(S);

{ send(C, mazx) || ]

receive(D, mn)

{qél} {1}
while max > min do
{I'" AN max > min}

max := max(S);
{ send(C, max) ||

receive(D, mn)

{I'}
od
{I' AN max < min} {post’}

min := min(T);

S = (S\{max}) U {min};

send (D, min) | ] ;

receive(C, mx)

T := (T\{min}) U {maz};

main := min(T);

[ send (D, min) | ]

receive(D, mx)
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Example: Set-Partitioning

Our next aim is to distribute the loop. Let

i

S := (S\{mazx}) U {min};

By = { maz := max(9); ,

| [send(C, max)||receive(D, mn)]

/

T := (T\{min}) U {max};

Bs = ¢ min = min(T);

| [send(D, min)|/receive(C, mx)]
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Example: Set-Partitioning

By Theorem (Loop distribution):

{pre’}

max := max(S);

send(C, max) ||

receive(D, mn)

{dh)

while max > mn do
B

od

{post'}

min = min(T);

send(D, min) ||

receive(C, mx)

while mxz > min do
Bs
od
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Example: Set-Partitioning

We also obtained that
{q(1} [while mxz > min do By od || while mz > min do By od]

is communication closed.
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Example: Set-Partitioning

By CCL 4:
{pre'}

maz = max(S);
send(C, max) || .
receive(D, mn) |
while max > mn do
S = (S\{maz}) U {min};
maz := max(S);
send(C, max) ||

receive(D, mn)

od

{post'}

min := min(T);
send (D, min) ||
receive(C, mx)
while mz > min do
T := (T\{min}) U{maz};
min := min(T);
send (D, min) ||
receive(D, mzx)

od
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