Notations:

An w-sequence (or w-word) over A is a function from w into A. We also use the notation
(@i)icw to denote the w-sequence a such that Vi € w. a(i) = a;. A finite sequence w (or finite
word) over A is a function from {0, - - -, n—1} into A; n is the length of w. We use the notation
ag -+ - ay—1 to denote the finite sequence w of length n such that Ve € {0,---,n—1}. w(1) = a;.
Given an w-sequence o = (a;)iew, given i, j € w, a(t, j) denotes the finite sequence a; - - - a;_;.

Notice that if j < then a(z, ) is the empty sequence which we denote by e.



Chapter 3

Operational Specification

Usually also other properties than invariance properties are of interest when protocols and
reactive systems are considered. For instance, if a communication protocol is considered
then it is important to know that every message is eventually delivered.

Automata accepting w-words, so-called w-automata, represent a powerful tool for speci-

fying a large class of systems and their properties.

3.1 Buchi Automata

Definition 3.1 [BUCHI AUTOMATA]
A Biichi automaton B over alphabet A is given by a quadrupel (Q, go, —, F'), where

o () is a finite set of control locations.
® o € () is the initial control location.

o —C () x A x Q is the transition relation of B. We write ¢ — ¢ instead of
(Q7a7q/) c—.

o ' C (Q s the set of accepting control locations.

Definition 3.2

e Arun p of B = (Q,q,—, F) over the w-word « is an w-sequence in Q% such that

p(0) = qo and Vi € w - p(17) o\ p(i+1).

o A run p is called accepting, if inf(p) N F % 0, where inf(p) = {q € Q | 3“1 -p(i) = q}.



o a € AY is accepted by B, if there exists an accepting run of B over «.
o The language of B, denoted by L(B) is the set of all w-words accepted by B.

o An w-language L C A“ is recognized by B, if L = L(B); it is Biichi recognizable, if

there exists a Bichi automaton that recognizes it.

&

Definition 3.3  Given a Bichi automaton B = (Q,q,—, F), ¢,¢ € @, and w € A*.
Define ¢ — ¢’ and W,y as follows:

o ¢ — ¢ iff Ao, ,1, €Q such that n = |w|, lo=q, 1, =¢, and Vi € {0,---,n — 1} -

L

o Wy ={weA [ ¢—d}
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Lemma 3.1 Let B be a Biichi automaton. Then,
L(B) = U WaoaWoe.
g€F
O
Proof:
a € L(B) <= d an accepting run over «
— dpeQ¥-dge F-p(0)=qo A
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Definition 3.4 A word o € A¥ is called ultimately periodic, if there exvists an increasing
w-sequence (J;)icw € w* such that Vi € w- a(Ji, jit1) = a(Jig1,Jiv2), n other words there

exist u,v € A* such that o = uv®. <&

Proposition 3.2



1.) Let B be a Biichi automaton. Then, £(B) # @ iff £L(B) contains an ultimately periodic

word.

2.) The emptiness problem for Biichi automata is decidable.

Proof:

1.) The implication from right to left is immediate. Thus, let us consider the other one.

Since L(B) = Uyer WeooWe, if L(B) # 0 then there exists ¢ € F' such that W, , # 0

q9°

and W, # 0. Let u € W, and v € W,,, then uv¥ € L(B).

2.) Follows from the fact that W, is a regular language in A*.

Lemma 3.3
1.) If V.C A~ is regular then V* is Biichi recognizable.

2.) If V. C A* is regular and L C A“ is Biichi recognizable then V - L is also Biichi

recognizable.
3.) If Ly and Ly are Biichi recognizable then Ly ULy and L;N Ly are also Biichi recognizable.

O
Proof:

1.) Since for every regular language V' given by an automaton A we can construct an
automaton A’ such that no transition in A’ leads to the initial control state, e ¢ L(.A'),
and L(A)* = V¥ we can assume without loss of generality that V is given by an

automaton A = (@), go, —, F') such that Vg € Q - ¢ /= qo and ¢y & F.
Let B=(Q\ F,q,—5,{q}) such that for all ¢,¢' € Q\ F and a € A

q—>5¢ <= (¢ dNdE€F)VI"eEF q—¢d N =q).

We prove L(B) C V¥ and leave V¥ C L(B) as exercise.

Let a € L(B). Then, there exists a run p over a and an increasing sequence (j;) € w*
with jo=0and Vi € w-p(ji) = g AVk € {ji + 1,---,Jix1 — 1}. p(k) # qo. We prove
a(JiyJiy1) € V, for every 1 € w.



Thus, let ¢ € w. Since p is a run of B, we have Vk € {j;,- -+, jix1—1}-p(k) —5 p(k+1).
By the assumption on A and the definition of B, Vk € {j;, -+, jiz1—2}-p(k) ﬂ p(k+1)
and 3¢ € F - p(Jiq1 — 1) — ~Uigg) (

is a run of A over a(J;, 7i+1) and p(jiy1) = ¢. This proves a(y;, jiy1) € V.

g. Hence, there exists ¢ € F such that p(j;), -+, p(Jit1)

Exercise.

W.l.g. assume that Ly and Ly are given by B; = (Q:, qoi, —i, F), for « = 1,2, with
Q1NQ2=

Let B = (Q1 U Qs U{q}, g, —, 1 U ), where ¢ € Q1 U Q3 and ¢ —— ¢ iff either
q—21¢,0r ¢ —5 ¢, 0r q=qoand go1 —>1 ¢’ or qoz —=3 ¢'. Then, it is not difficult
to check that £(B) = L; U L.

Next, we construct a Bilichi automaton B such that £(B) = L1 N Ls.

Let B = (Ql X QQ X {07 172}7 (q017q0270)7 —, F)v where F' = {(q17q272) | G € Q17q2 €
Q.} and (q1,q2,1) — (4}, ¢, ") iff @ —= ¢}, ¢ — ¢}, and one of the following
conditions is satisfied:

(a) eitheri =0, =1,and ¢; € Fy ori =14 =0 and ¢| & F1,

(b) either i =1,¢ =2, and ¢ € Fhori =1 =1 and ¢} € I}, or

(¢) i=2and ¢/ =0.
It remains to prove that £L(B) = £4 N Ly. We consider the inclusion £(B) C £, N Ly
and leave L(B) O L1 N Ly as exercise.
We introduce the following notation. For ¢ = 1,2, 3, let II; denote the i-th projection
from (1 X Q2 x {0,1,2} on @y, resp. 2 and {0,1,2}.
First of all, it is not difficult to prove that p is a run of B iff II;(p) is a run of B;, for
i = 1,2. It remains to prove that p is accepting iff II;(p) and Iy(p) are.

To do so, we prove the following property of B.
For every run p of B, and i, 5 € wwith ¢ < j, if [I5(p(¢)) = 0 and Us(p(J))
[

then there exists k € w with ¥Vl € {i, -+, k—1}, lI5(p(l)) = 0 and II5(p (k))
1.

By definition of B, if [I5(p(j)) = 2, then Us(p(j — 1)) = 1. Let k =min{l | i < <
S IL(p(1) = 1}. Then, VI € {1,k — 1}, Iy(p(1)) = 0 and Ls(p(k)) = 1 -

1)) = 0 and Ils(p(¢ + 1)) = 1, then
1)) € Fy, we have inf(p) N F #£ () iff

Since by definition of B, for every ¢ € w, if Il3
i(p(i 4+ 1)) € Fy, and if TI3(p(¢)) = 2, then 15
inf(Ii(p)) N Fy # 0 and inf(Il2(p)) N £z # 0.
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